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1

The Hermite-Fejer interpolation process is an important method of
approximation in the theory of approximation by interpolation. For a given
family of points

-I < X nn < ... < X 1n < 1, n = 1,2,...

and a function f on [-1, 1] the Hermite-Fejer interpolatory polynomial
Hn(f, x) of degree "-;;;2n - 1 is defined by

The approximation properties and the rates of convergence of the sequence
{Hn(f, x)} have been studied extensively when the points Xkn, k = 1,2,... , n
are the zeros of the classical orthogonal polynomials.

In the simplest case, when Xkn = cos((2k - 1)7T/2n), k = I, 2,... , n,
are the zeros of the Chebyshev polynomial Tn(x) = cos(n arc cos x), we have

HnU; x) = i j(xkn)(l _ XXkn)( (Tn(X) ) )2.
k-l 11 X - Xkn
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According to a well-known result of L. Fejer [8],

lim Hn(f, x) = j(x),
n-+oo

uniformly on [-1, 1], for everyf continuous there. A quantitative version of
Fejer's result was given by R. Bojanic [5] who proved that

C n ( 1 )I Hn(f, x) - j(x)1 ~ Ii L Wf k
k~1

(1.3)

where Wf is the modulus of continuity offon [-1, 1] defined for every h ?o 0
by

wf(h) = sup{lj(x) - j(y)[: x, y E [-1,1], I x - y I ~ h}.

R. B. Saxena [10] further improved this inequality by showing that

(1.4)

The situation is quite different for the Hermite-Fejer interpolation process
based on the zeros

k
Xkn = cos I1+T 1T, k = 1, 2, ... , 11,

of the Chebyshev polynomial of the second kind, Un(x) = sin«n + 1)
arc cos x)/(I - X 2)1/2. In this case we have

H (f x) = ~ j(x )(1 _ 3Xkn(X - Xkn) )(1 _ x2 )2 ( Uix) )2
n, L... kn 1 _ x2 kn (n + 1)(x - x )

k~1 len kn

The sequence {Hn(f x)} converges to f(x) pointwise on (-1, 1) and uniformly
on every closed subinterval of (-1, 1). At the end points -I and I, however,
the sequence diverges. We have

n

Hn(f, ±I) = L (1 =t= Xkn - 2x~n)f(Xkn)
k-l

and so

I" Hn(f, ±1) I' 1 ~ (1 ::r k1T 2 2 k1T )f( k1T )1m =lm-L... ,cos--- cos-- --
n->OO n n-+oo n k-l n + 1 n + 1 n + 1

1 II dt
= ---:;; -1 (1 =t= t + 2t2) j(t) (1 _ t2)1/2

(see [14, p, 341]).
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In a case like this, it is natural to consider Egervary-Tunin's [7] modifi
cation of Hermite-Fejer's interpolation which consists in the inclusion of
the end points -1 and 1 in the process of interpolation. We define a
polynomial Qn(f, x) of degree ~2n + 1 by

However, in view of the relation

(
(I - x) Uln(x) )2

Qn(f, x) = Hn(f, x) + (f(-I) - Hn(f, -I)) 2W
n
(-1)

+ (f(l) - Hn(f, 1))( (I ~;n(~n(X) f, (1.6)

where Uln(x) = (x - x1n)(x - x2n) ... (x - x nn), the Egervary-Turan modi
fication is interesting only if the original sequence {Hn(f, x)} is not uniformly
convergent on [-I, I]. If Xkn = cos«2k - 1)7T/2n), k = 1,2,... , n, we have

Qn(f, x) = (I i x f(l) + I~ x fe-I)) Tn2(x)

+ (I _ X2) f f(x kn) (I + XXkn -; 2x%n) ( Tn(x) )2
k~l (I - Xkn ) n(x - Xkn)

and from (1.6) and (1.4) it follows immediately that

3c n ((I - x 2)l/2 I
I Qn(f, x) - f(x)j ~ n :fl Wf k +kd .

A weaker form of this result was obtained earlier by D. L. Berman [4] by a
different procedure. If Xkn = COs(k7T/(n + 1)), k = 1,2,... , n, then

Qn(f,X)=e i X
f(l)+ I ;-x f(-I))(~~Xn2

+ (I - x
2
) "tl f(xkn)(1 - XXkn)( (n + gtx~ x kn ) f

and the problem of uniform convergence of the sequence {QnCf, x)} becomes
more difficult since (1.6) cannot be used anymore. However, it was proved
by P. Szasz [13] that, in this case too, {Qn(f, x)} converges uniformly to f(x)
on [-1,1]. His result was improved by R. B. Saxena and K. K. Mathur [11]
who showed that in this case also we have the inequality

(1.8)



198 BOJANIC, PRASAD, AND SAXENA

A similar result was obtained by J. Prasad and R. B. Saxena [9] for the
Legendre nodes.

A further extension of the interpolation process which required that the
derivative of the polynomial vanishes not only at the interior points Xkn,
k = 1,2,... , n, but also at the end points -1 and 1, was studied by D. L.
Berman. This time, however, the extension led to unexpected developments.
Berman considered the Hermite-Fejer process of interpolation defined by

Rn(f, Xkn) = f(x"n), Rn(!, ±l) = f(±l)

R~(f, x kn) = 0, R~(f, ±1) = O.
(1.9)

TnCx) ,If Xkn, k = 1,2,... , n, are the zeros of the Chebyshev polynomial
then

Rn(f, x) = f(1)(1 + (2n2+ 1)(1 - x))( 1 ;- x Tn(x)f
+ f(-1)(1 + (2n 2+ 1)(1 + x))( 1 ; x Tn(x)f

+ (1 - X2)2 f f(Xkn) I + 3xXkn 2- 24xin ( Tn(x) )2.
/c~l (1 - Xkn ) n(x - X/cn)

Berman proved in [1], [2] that {Rn(f, x)} diverges at every point of (-1,1)
if f(x) = x2 and (with the exception of the point x = 0) if f(x) = x.
Berman's results for these two special functions were generalized by R.
Bojanic [6] who showed that {Rn(f, x)} diverges on (-1, 1) for every f,
continuous on [-1, 1), which has left and right derivatives f~(1), f~(-1),
not both O. More precisely, it was proved in [6] that

lim sup I Rn(f, x) - f(x) 1= HI - x2)1(1 + x)f{(l) - (1 - x)f~(-1)1
n ...oo

whenever f~(l) andf~(-1) exist, and that, for such functions, the conditions

f{(l) = 0,fR( -1) = 0

are necessary and sufficient for the uniform convergence of the sequence
{RnCf, x)} on [-I, 1].

The situation is quite different if Xkn , k = I, 2, ... , n, are the zeros of the
Chebyshev polynomial Un(x). In this case we have

R (f, x) = f(1)(l + (~n2 + ~ n + 1)(1 _ X)).((1 + x) UnCX))2
n , 3 3 2(n + 1)

+ f(-I)(1 + (~n2 + ~ n + 1)(1 + x)) ((1 - x) Un(X))2
J 3 2(n + 1)

+ (1 - X2)2 f f(X/cn)( 1 - XXkn ~ 2x~n )( Un(X) )2.
lc~l 1 - X/Cn . (n + l)(x - X/cn)
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For these polynomials Rn(j, x) with f continuous on [-1,1], Berman
proved in [4] that the sequence {Rif, O)} converges to 1(0). Subsequently,
he proved in [3] that {Rn(j, x)} converges to I(x) for every x E [-1, 1] and
that the convergence is uniform on each [-1 + €, 1 - €], 0 < € < 1.
R. B. Saxena [12] improved Berman's result by showing that the convergence
is uniform on [-1, 1].

In the present paper we shall study the rate of convergence of the sequence
{Rn(f, x)} defined by (1.10), i.e., by (1.9) with Xkn = cos(ktrj(n + 1)),
k = 1, 2, ... , n. Our method is based not on the explicit representation (1.10)
of Rn(f, x) but on the following relation between the polynomial Qn(f, x),
defined by (1.5), and Rn(f, x), defined by (1.9):

(
1 + x) Un(X))2 ,

Rn(f, x) = Qn(j, x) + (1 - x) 2(n + 1) Qn(f, 1)

- (1 + x)((l ;(nX~~)(x)f Q~(j, -1) (1.11)

and on the fact that for the polynomial Qn(j, x) the estimate (1.8) holds.
Our main result can be stated as follows:

THEOREM 1. Let f be a continuous function on [-1, 1] and let Rn(j, x) be
the polynomial of Hermite-Fejer interpolation defined by (1.9), with Xkn =
cos(ktr/(n + 1)), k = 1,2,... , n. Then for all x E [-1, 1],

(1.12)

where A and B are positive constants.

Iff is a non-constant function, we have

(_2_) ! ~ ( (l - X
2
)1/2 _1)

:;( W (1) n L. Wf k + k 2 ,
f k~l

so that,

(1.13)
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2. SOME LEMMAS

The proof of Theorem 1 is based on two lemmas. The first is a transfor
mation of the basic relation (1.11).

LEMMA 1. If the polynomials Qn(f, x) and Rn(f, x) are defined by (1.5)
and (1.9), respectively, then

_ x(1 - x 2) 2
Rn(f, x) - Qn(f, x) + 4(n + 1)2 Un (X)(f(1) - f( -1»

+ n(n + 2)2 (1 - x 2)(1 + x) Un2(X) (f(1) _ 3 I f(Xkn) )
6(n + 1) n(n + 2) k~l 1 - Xkn

Proof Differentiating (1.7) and using the formulae

Un(1) = n + 1, Un(-I) = (_l)n (n + I)

and

U~(1) = tn(n + 1)(n + 2), U~(-1) = t(_I)n-l n(n + 1)(n + 2),

we see that

and

Substitution into (1.11) yields the desired result.
Our next lemma is a quantitative version of a theorem of Berman [4]

which states that for every continuous function f on [-1, 1] and for
Xkn = cos(hr/(n + 1», k = 1,2,... , n,

I · 1 ~ f(x kn) I (f(l) f( 1))
nl~ (n + 1)2 f::l I - X~n = 6 + - .
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LEMMA 2. Let f be a continuous function on [-1, 1] and let Xkn =

cos(k1r/(n + 1», k = 1,2,... , n. Then

I
3 n f(x kn) I 30 n (1)

f(±I) - n(n + 2) ];1 1 =r Xkn ~ n+T 1.~1 Wf F .

Proof It is clearly sufficient to consider one choice of signs. Since

f 1 _ U~(l) _ n(n + 2)
k~1 ~ Xkn - U

n
(1) - --3-- ,

we have

Hence

Since

we have

Consequently

Next, for every 1 ~ k ~ n,

f1k+l)/ln+l) W,(t2) (k2 ) f1k+l)/ln+l) dt
-2- dt ~ Wf ( 1)2 """2

k/(n+1) t n + k/ln+1) t

n + I (k2
)

= k(k + 1) wf (n + 1)2

(2.1)
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2 fl wlt2)
=-- --dt

n + 1 1/(n+1) t 2

2 fn+l (1)
= n + 1 1 Wf [2 dt. (2.2)

Using the inequality

we have

(2.3)

From (2.2) and (2.3) we obtain

Finally, (2.1) and (2.4) imply

3

Theorem
Lemma 1,

is now simple consequence of Lemmas 1 and 2. By

1 Rn(f, x) - f(x) [

~ I Qn(f, x) - f(x)1 + (1 enx2 ~~2(X) (I f(1)[ + If( -1)1)

+ (1 - x2) Un2(x)! f(1) - 3 f f(Xkn) I
n(n + 2) k~l 1 - Xkn
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Using (1.8), the inequality (I - X2) Un
2(X) ~ I, XE [-1,1], and Lemma 2,

we find that

60 n I
+ n+T ~l Wf (F)

and Theorem 1 follows.
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